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BLACKBODY RADIATION
E.G.: COsMIC MICROWAVE BACKGROUND

A. Penzias § R. Wilson
(Nobel Prize for Phystes in 197€)
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BLACKBODY RADIATION
E.G.: COSMIC MICROWAVE BACKGROUND

The Cosmic Microwave Background as seen by Planck and WMAP

CMB Spectrum

Specific Intensity (10~ W m=2 Hz 1)

100 200 300 400 500 600
Frequency (GHz)

Fig. 6.1: Astrophysics Processes (CUP), H Bradt 2008
NASA/COBE, J. Mather et al., ApJ 354,37 (1990)

Planck

Courtesy: ESA



BLACKBODY RADIATION
E.G.: COSMIC MICROWAVE BACKGROUND




A BLACKBODY
CLASSICAL EXAMPLE

Blackbody radiation:
Matter is optically thick & photons scatter many times
before encountering an observer

— particles & photons share their kinetic energy: perfect
thermodynamic equilibrium between radiation & container
walls at temperature T

p Cavity with a small hole = opaque & non-reflecting object

» Radiation enters the cavity through the hole & bounce off
many times the walls before returning outside

? The hole will appear black

? A blackbody emits radiation since the atoms and
molecules are continually oscillating (recall that a
vibrating electric charge emits EM radiation)

Incoming rays
absorbed
completely

Red rays
outgoing thermal

radiation




BLACKBODY SPECTRUM
THE ULTRAVIOLET CATASTROPHE ...

Classical statistical mechanics:
equipartition of energy

P For a system in thermal equilibrium at T, each degree of
freedom has average energy 1/2 KT

P The number of electromagnetic modes in a 3D cavity per
unity frequency is «Vv?

4

Toward the
"ultraviolet
catastrophe"

©2004 Thomson - Brooks/Cole

Radiated Intensity

Curves agree at
/ very low frequencies

Frequency




BLACKBODY SPECTRUM
... AND PLANCK’S SOLUTION

Planck’s solution of the problem

P The energies of the oscillation of electrons which give rise to
radiation must be proportional to integral multiples of the
frequency:

E =nhr h=6.626x 10"3* Js

4

Toward the
"ultraviclet
catastrophe"

©2004 Thomson - Brooks/Cole

Planck Law

Radiated Intensity

Curves agree at T
very low frequencies ekl - 1

Frequency



UNDERSTANDING THE BLACKBODY
CURVE

. I |
P Planck concentrated on modeling the oscillating Toward the
. . ‘ultraviclet
charges that exist in the oven walls catastrophe"
_ _ | .2 | Rayleigh-Jeans Law
P They radiate heat inwards [Pog
. . g S
P In thermodynamic equilibrium, themselves are 5 . &/
. . . = G,
driven by the radiation field s| &
st Z Planck Law
o T hy
P Planck found that he could account for the | Y curves agree s o T
. : . verv low frequenci KT -
observed curve if he required these oscillators [/4 veryow requencies et

not to radiate energy continuously  Frequency

The Planck function can be

? They could only lose / gain energy in quanta of
Y y J 9y inq derived with Bose-Einstein

size hv i
statistics, that apply to bosons
Unlike fermions there is no a priori
a limit to the number of particles

allowed in any given state

There is a limit on the total energy
available for the photons to share



DISTRIBUTION FUNCTION OF MASSLESS
BOSONS

_3 Bose-Einstein statistics used to find the
[(JS) ] most probable distribution of photons
as a function of their energy hv

Phase Space Element

f = nP(p)
\ Area: AA = Ap, Ax = h
Probability distribution (

h=66x10"%Ts
Particle number density P |-------- [oe] (same units as p, x )

\ Only 2 electrons

permitted in
area AA=h

\ 4

Average number of photons in
one 6-D phase-space cell divided
by the volume h3 of the cell as a
function of the photon energy hv X

Average number of photons in B
2/(€hy/kT — 1) — > each cell as a function of the — > :O ;[t\\//_—oOo
photon energy hv a



CHARACTERISTICS OF THE RADIATION

Specific intensity of propagating
I(V) — (h41/3/c2)f photons from distribution function
(see Chapter 3 in Astrophysics Process)

2 —3
f= h3(ehv/kT _ 1) (J8)™7]

Planck radiation law as a function of frequency

2hv3 1 o -1 —
[(v,T) = 3 /AT (Wm ™ *Hz 'sr 1)




BLACKBODY SPECTRUM
AS A FUNCTION OF FREQUENCY

Two Blackbody curves
(a) Linear-linear (b) Log-log
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Fig. 6.2: Astrophysics Processes (CUP), © H Bradt 2008

2hv° 1 _orr 1. —
[(v,T) = 3 ohu/RT (Wm ™ *Hz 'sr 1)




BLACKBODY SPECTRUM
APPROXIMATIONS

Blackbody Curves
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Fig. 6.3: Astrophysics Processes (CUP), © H Bradt 2008

Rayleigh-Jeans approximation

Wien approximation

hv
hv/ET _ 14+ —
e -+ T + .
202kT

c2

I(v,T) =

x ’T  (hv << kT)




BLACKBODY SPECTRUM
PEAK FREQUENCY

Blackbody Curves
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Fig. 6.3: Astrophysics Processes (CUP), © H Bradt 2008



BLACKBODY SPECTRUM
PEAK FREQUENCY

The BB specific intensity in frequency space 1s, from (6),

_ 2hv3 1
Iv.D) = ol  ehvIkT _1

where we changed the varable to x = h/kT.
To find the maximum of J, take the denvative and set 1t to zero.

&I _ 25 (KT |32 e Sl RS

which gives, after canceling common terms, the transcendental equation (75) where n =3,

3=—2=
le=

which has solution x =2 82, from Table 6.2. Thus the photon energy at maximum intensity 1s, from
our definition x = hv/kT



BLACKBODY SPECTRUM
AS A FUNCTION OF WAVELENGTH

Require
IAdA = —Ivdv

dv
L=-1,9¢
A vdA

Intensity

where v = ¢/A and dv =—(c/A2) dA.
Substitute (s1) mnto (s2) while expressing everything in terms of A,

2hle/A)?
¢2  ehelMT_1 {32

L ——

Planck radiation law as a function of wavelength

2hc? 1

LA T) = N6 ehc/(AKT) _ 1

(W m™° sr7)

Y



BLACKBODY SPECTRUM
PEAK WAVELENGTH

Define a new vanable x = he/AKT so A = he/xkT, and rewnte (s3),

Bo=2he? (P 1

Take the derivative and set 1t to zero to find

Sx4  _ _x%F

et -1 (’et_l)l

which reduces to
5 = =&
le*

We encounter again the transcendental equation (75), this time with n =5 and solution x =
4 9651, from Table 2,

he  _ 4965
ApeaickT



BLACKBODY SPECTRUM
PEAK WAVELENGTH VS. FREQUENCY

| 2hc? 1 B 2hv? 1
1)‘()\’ T) a A\ ehc/(AET) 1 ](U.’ T) 2 ehw/kT
— — 10
l Ultraviolet | Visible | Infrared I | T
_3x1077 .
T;; I |
T = 5,000 K TN 12 000 K
NEz><10—7
=
2
~1x1077
T = 3,000 K

......

0 11015 2x101  3x1015
Frequency (Hz)

The formulas do not give the same result !

Vpeak Apeak =~ 1.7 X 10° m/s



ENERGY FLUX DENSITY THROUGH A
FIXED SURFACE

Emission from a Surface Element

2hv3 1

I(I/: T) — c2 Chz//lst'l' - 1

(Wm ™ “Hz 'sr!)

Fig. 6.4: Astrophysics Processes (CUP), © H Bradt 2008

Total power leaving 1 m? of the stellar (BB) surface

/2 A
/ / / 1) 920 G0 40 dd dv (W /m?)
v=0 J 0= dA




w2 2w
f f cos ) sin #dAdd
0=0 Jo=0

Note that sin # df = — d(cos ), so,

2

-—

0
- wa cosO(—)d(cosO)=—21rM|(;=w
1

which 1s the indicated result 1n (16).
The second integral (17) 1s

F = 2h v3 dv
, o2 ewkT_ ]

Change vanable to x = h/kT. Hence v = kTx/h and

0
r-2h | o

The integral 1s proportional to the Riemann zeta function (74) of order z =4, which 1s tabulated
(Table 1, Section 4) to be {(4) = w4/90, so

(6.23 54)

T Bdr s T
fo S [4)T(4) =g 6 =7

where the gamma function is I'(z) = (z—1)! Substitute this into (s4) to find the result (18) and (19),

_ 2wk g
7= B 5

5 24
- _ 2wk T

= = oT*
15¢2 k3



ENERGY FLUX OF A BLACKBODY

Emission from a Surface Element

Stefan-Boltzmann radiation law

dQ

S =o0T* (W/m?)
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Fig. 6.4: Astrophysics Processes (CUP), © H Bradt 2008

= flux which passes in one direction through a
surface immersed in BB radiation

2o k4

= {53 = 0670 x107° Wm K™

g
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EFFECTIVE TEMPERATURE OF A STAR

L=4rR%cT% W



STARS SPECTRA
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STARS SPECTRA
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Spectroscope Spectre obtznu

/G
——
\ sp

Source

Lumiere
blanche

ectre continu

I

| raies brillantes
: b Pt
Gaz chauffé caractéristiques du gaz

méme gaz mals frold

traversé par la lumiére ” / \ﬁ
e

lumiere \ raies sombres en absorption
blanche caractéristiques du gaz
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Zone de gaz

Etoile quiémet s froids

un continuum
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RADIATION DENSITIES
ENERGY DENSITY

Blackbody energy density:
sum of the energies hv of photons
Energy Density contained at one instant in 1 m3

u,(v,T) : Spectral energy density  (J m™ Hz™ ')

Surface of star

u(T) : Energy density (J m™°)
Unit surface, A =1,

normal to propagation

direction

1 m3 containing
(u, /4m)dS2 J/Hz

Fig. 6.5: Astrophysics Processes (CUP), © H Bradt 2008



RADIATION DENSITIES
ENERGY DENSITY

Blackbody energy density:
sum of the energies hv of photons
Energy Density contained at one instant in 1 m3

u,(v,T) : Spectral energy density  (J m™ Hz™ ')

Surface of star

u(T) : Energy density  (J m™?)
Unit surface, A =1,

normal to propagation

direction

1 m3 containing
(u, /4m)dS2 J/Hz

I(v,T) = uy,(v, T)i Wsm P Hz ' xms™* xsr ]

Fig. 6.5: Astrophysics Processes (CUP), © H Bradt 2008

Energy flux per steradian passing through 1 m?in1s
= specific intensity




RADIATION DENSITIES
ENERGY DENSITY

Blackbody energy density:
sum of the energies hv of photons
Energy Density contained at one instant in 1 m3

u,(v,T) : Spectral energy density  (J m™ Hz™ ')

Surface of star

u(T) : Energy density (J m™°)
Unit surface, A =1,

normal to propagation
direction . 3
2hv ]

1(-1/.‘ F) - 2 (,flu./'/"k']' —1

(Wm ™ ?Hz 'sr 1)

1 m3 containing
(u, /4m)dS2 J/Hz

I(v,T) = uy,(v, T)i Wsm P Hz ' xms™* xsr ]

Fig. 6.5: Astrophysics Processes (CUP), © H Bradt 2008

Energy flux per steradian passing through 1 m?in1s
= specific intensity




RADIATION DENSITIES

ENERGY DENSITY

Energy Density

Surface of star

Unit surface, A =1,
normal to propagation
direction

1 m3 containing
(, /47)d(2 J/Hz

Fig. 6.5: Astrophysics Processes (CUP), © H Bradt 2008

8Thy3

Blackbody energy density:

sum of the energies hv of photons
contained at one instant in 1 m3

u,(v,T) : Spectral energy density  (J m™ Hz ')

u(T) : Energy density  (J m™?)

- 2hv° 1

I(v,T) = 2 hu/RT ] (Wm ™ ?Hz 'sr 1)

Iw,T) = u,(v,T) i Wsm™3 Hz ! x ms~! x st}

1

u(v, T) =

c3  ehv/ET _ 1

(Jm™° Hz™ 1)



RADIATION DENSITIES
ENERGY DENSITY

u, (v, T) : Spectral energy density (J m 3 Hz_l)

u(T) : Energy density (J m™?)

8mThys 1
c3 ehu/kT . 1

U(V, T) = (J m—3 Hz—l)

A7 [

u(T) = /OOO uy, (v, T)dy = — wIwv, T)dv (J m_?’)



RADIATION DENSITIES
ENERGY DENSITY

u, (v, T) : Spectral energy density (J m 3 Hz_l)

u(T) : Energy density (J m™?)

8mhy? 1 _ _
u(v,T) = B3 Shu/RT 1 (Jm™° Hz™ ')
00 A 00 4
u(T) = u, (v, T)dy = — u, [(v, T)dv (J m™?)
0 ¢ Jo

u(T) = 2oT" =aT* (I m?)

C

4
a = i 7.506 X 10_16(J m S K—4)
c



RADIATION DENSITIES
SPECTRAL NUMBER DENSITY

Blackbody energy density:
sum of the energies hv of photons
contained at one instant in 1 m3

Energy Density

Surface of star

u,(v,T) : Spectral energy density  (J m™> Hz™ 1)
Unit surface, A =1,
normal to propagation

direction u(T) : Energy density  (J m™)
3
1 m3 containing _ 8mhy 1 -3 11.,—1
(w, /47)d(2 J/Hz U(V’ T) — 3 ehv/kT _1q (J m Hz )

Fig. 6.5: Astrophysics Processes (CUP), © H Bradt 2008

u, (v, T)  8mv? 1 g 1
nV(V,T) — hy — 3 chw/kT _ 1 (m Hz )

Spectral number density = Spectral energy density / Energy of a single photon




RADIATION DENSITIES
TOTAL NUMBER DENSITY

u, (v, T)  8mv? 1

B B |

ny(l/7 T) — h,]/ — C3 ehl//kiT 1 (m HZ )
T — o0 Td B 87 o0 V2 4

e O Ly e T

3
n(T) = 16m (%) x 1.202 = 2.029 x 10" T° (m™?)



RADIATION DENSITIES
TOTAL NUMBER DENSITY

u, (v, T)  8mwv? 1

_ _ —3 17,,—1

n,(v,T) = e N T (m™° Hz™ ")
= [ awnaw= [ © -3
n( )_ 0 nV(V7 ) V= 6_3 0 ehv /KT _ q (m )

3
n(T) = 16m (%) x 1.202 = 2.029 x 10" T° (m™?)

T ~3K — =~ 0.55 photons mm™°
TI'~3K — Apeak =~ 1.0 mm

At 3 K, each cubic millimeter
contains ~ 1 photons of
wavelength ~ 1 mm




RADIATION DENSITIES
TOTAL NUMBER DENSITY

u, (v, T)  8mwv? 1

_ _ —3 11,1

n, (v, T) = e N T (m™° Hz ")
0= [ =" -3
o) = [ nar =55 [T )

3
n(T) = 16m (%) x 1.202 = 2.029 x 10" T° (m™?)

T ~3K — =~ 0.55 photons mm™°
TI'~3K — Apeak =~ 1.0 mm

At 3 K, each cubic millimeter
contains ~ 1 photons of
wavelength ~ 1 mm

TApeak = 2.898 x 107°  (Km)

+ n(T) < T?

— )\peak x T 1

A cube of size about equal to the
peak wavelength will contain about
one photons




RADIATION DENSITIES
AVERAGE PHOTON ENERGY

3
n(T) = 167 (%) x 1.202 = 2.029 x 107 T3 (m_3)

u(T) = gaT4 =aT? (Jm™)

u(T) m
n(T) 30 x 1.202

KT =270 kKT (J)

hv,, =

theak =282k T
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